




First, let’s acknowledge how 
unbelievably boring it is for Willie 
to lie down in a loop for any 
rectangular carton that has width 2. 
No toothpicks are required.

A 3x3 square and all rectangles 
with an odd number of squares are 
a bit more difficult. In fact, they’re 
impossible. Why? 

Consider the coloring of Willie if 
he lies down in a carton freshly 
painted in a checkerboard pattern. 
When the paint dries, Willie will 
end up being striped in a glorious 
alternating pattern—a pattern with 
an even number of stripes! Willie is 
pretty sure there’s a contradiction 
in there somewhere.

This is one of my favorite puzzles.  
I didn’t think of it as an animal. I just 
thought about it being a loop. Doing 
a loop is a different puzzle than just 
doing a line. When it’s a loop it’s 
often more challenging. I’m not sure 
why it’s more challenging, but it just 
is. Once you make the dimensions 
all four or more, or really, starting 
at a 3x4, it gets fun. It’s kind of a 
combination of geometry and logic 
and maybe there’s a little graph 
theory in there.

Oscar was born in New York City and now 
lives in California. At age seven he is already  
a mathematician in all respects except having 
a degree. He is self-taught. 
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A 4x4 square requires two toothpicks.  
The 6x6 requires at most six toothpicks. Is 
this the best possible? I don’t know. 

The 4x10 rectangle requires only four 
toothpicks! This pattern can be extended 
for longer rectangles of width four.

A 3x4 rectangle needs one toothpick; a 
3x6 requires two toothpicks; a 3x8 (below) 
requires three. The toothpicks can be all 
on the left or all on the right or a mix.  
This pattern continues with 3x10, 3x12 etc. 
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PINOCCHIO S 
PLAYMATES

There are four liars.  
The class is in either one  
of the patterns on the left.

The twelve truth-tellers  
are green. The liars are red.

When Pinocchio gets to school, he has 
an unfortunate ability to turn some of his 
truth-telling classmates into liars.

His first class has 16 students with desks  
in a 4x4 classroom. 

Pinocchio’s teacher asks the students to 
raise their hands only if they are seated 
beside (left-right-front-back) exactly 
two like-minded students. What do the 
students do?

•	 A truth-teller raises their hand only  
if they are seated beside exactly two 
truth-tellers.

•	 A liar lies. If they are seated beside 
exactly two other liars they do not raise 
their hand. Otherwise they do.

When the teacher asks the question, all 
children raise their hands! Out of the 16 
students, how many are liars and how 
might they be seated in the 4x4 classroom?

SPOILER ALERT!

585



Getting ready for recess, the students 
sometimes line up in the corridor. It is 
just wide enough for two students to 
stand beside one another. For any even 
number of students, find all possible 
rectangular configurations of liars and 
truth-tellers so that all students would 
raise their hands when asked if they 
are beside exactly two like-minded 
students. This corridor exploration is by 
Taiwanese educator CinJhih Zeng.

SPOILER ALERT!

There is only one solution for the 
5x5 classroom. There are exactly  
9 liars and 16 truth-tellers.

Pinocchio’s next classroom is 5x5.  
The teacher asks the same question and 
gets the same result! All students raise their 
hands. How many students are liars and 
how might they be seated?

This doesn’t work. Why? It doesn’t work 
because the student in the center is a liar. 
He is seated beside two other liars so if he 
raised his hand he would be telling the truth.
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When students line up in the corridor, 
there is one way to do it—except when the 
number of students is a multiple of three. 
Then there are two ways.

2 students

4 students

6 students

8 students

10 students

14 students

12 students
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XX

Earlier this week I used Pinocchio's Playmates  
after my class played some Truth Teller and 
Liar Problems. It was great.

Instead of only looking at squares and  
chunky rectangles as in Gord’s original puzzle,  
I encouraged my kids to find a pattern with 
long skinny rectangles of width 2. I told Gord 
about this and he’s included it—he’s also 
extended the puzzle to include frieze patterns.

Cin Jhih Zeng teaches math with origami and 
puzzles. He creates mathematics curricula, 
designs his own puzzles and helps run the 
Math Board Game Camp in Taipei.

Which classrooms can have all students raise 
their hands? Is it possible with 5x6, 5x7, 6x6 or 6x7 
rectangles? The 6x7 rectangle below does not 
work because some students in the second row 
do not raise their hands.

6x6, 7x7, 8x8, and 9x9 classrooms all raise their 
hands. In each case, do you know the number 
of truth-tellers in the class?

SPOILER ALERT!
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Here are solutions for the 5x6, 6x6 
and 6x7 rectangles. I think the 5x7 
rectangle is impossible.

Feed your class 
impossible problems 

on a regular basis.

5x6

6x7

6x6
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The 6x6 classroom has either 20 or 24 
truth-tellers. The 7x7 classroom has 28 
truth-tellers. The 8x8 has 32 truth-tellers. 
All larger squares can have different 
numbers of truth-tellers. The 9x9 classroom 
above has between 40 and 44. 

When Pinocchio graduates, he finds that his skills in 
truth manipulation are highly valued. According to 
Pinocchio the Politician, an infinite number of people 
lined up to hear him speak. If the corridor is two wide, 
find some periodic patterns that make Pinocchio’s claim 
possible. What periods are possible?
SPOILER ALERT!
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We can organize the solutions according 
to how frequently they repeat. The bottom 
solution repeats every 26 people. Find how 
an infinite number of people could line up if 
the corridor was 3, 4, 5, 6 or 7 wide. One of 

these widths may be impossible to solve—
I have not found a solution. Oh! One more 
rule: We must reject solutions—like the top 
one—that have a row of all liars. Liars know 
they have to be more clever than that!

Periods 4, 14, 16 and 24 seem 
impossible, but every 
even number after 
26 is possible.

repeats every 
2 people

repeats every 
6 people

repeats every 
8 people

repeats every 
10 people

repeats every 
12 people

repeats every 
18 people

repeats every 
20 people

repeats every 
22 people

repeats every 
26 people
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I have not found a solution for a corridor of width 7. 
This one fails because it has a row of liars.

These two pages are only 
for people geeking out.

 T
H

E
 IN

F
IN

IT
E

 P
IC

K
L

E
P

IN
O

C
C

H
IO

'S
 P

L
A

Y
M

A
T

E
S

646



Here are some seating patterns that could have 
created those patterns of raised hands:

Imagine that after a 3x3 class is dismissed, a new group of Pinocchio’s 
playmates enters the classroom. Truth-tellers sit in seats that hands 
were raised in the previous class; liars sit in the remaining seats. 
This repeats class after class. Here is an example what happens:

Find all seating arrangements in a 6x6 classroom where the 
liars and truth-tellers sit in the same chairs class after class.

Here are some of Pinocchio’s playmates sitting in a 3x3 
classroom. What seating patterns could result in these 
hands raised?

What patterns of truth-tellers and liars would make these 
little 2x2 classrooms work? As you can see—not all students 
are raising their hands:

This way to introduce Pinocchio’s Playmates is by Vinay 
Nair, co-founder of Raising A Mathematician Foundation 
in the suburbs of Mumbai, India. Below are the some 
answers, with green being truth-telling students. The 
rightmost 2x2 square with no hands raised is impossible.  

Did you notice that asymmetric seating patterns sometimes 
result in a symmetric pattern of raised hands? Is the 
opposite ever true? Can a symmetric seating pattern ever 
result in an asymmetric pattern of raised hands? No. This 
is Pinocchio’s upside-down entropy! Things can get more 
organized, but never less organized. 

For a classroom of n students there are 2n ways for liars 
and truth-tellers to sit and 2n patterns for hands to be 
raised. One consequence of Pinocchio’s upside-down 
entropy is that not all patterns of raised hands will be seen.

What fraction of raised-hand patterns will be impossible? 
Which might you expect to be the most common?

First class 
sits

First class 
raises hands

Second class 
sits

Second class
raises hands

x Impossible
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There are eight 6x6 classrooms that stay the same 
class after class. These are four. The other four just 
have the liars and truth-tellers switched.

IDEA #1 — Nobody!
Instead of everyone raising their hand, nobody raises their hand.

IDEA #2 — Half & Half!
Instead of all students raising their hands, exactly half raise their hands. 

Students enjoy being creative—making their own 
variants to puzzles. Most will be trivial or uninteresting, 
but getting students to realize that rules are created 
and can be changed is liberating. This is beneficial even 
if you decide not to pursue any of the variants. 

Here are the best suggestions from ten minutes 
of brainstorming with two classes of age 10 and 11 
students. I’ve included one student hypothesis in 
each case. A mark of a vibrant math class is 
that there are lots of both wrong and right 
hypotheses, so do not expect all hypotheses 
to be correct.

Hypothesis: 
All solutions
have 50/50 
liars/truth-tellers. 

Everybody raises hands Nobody raises hands

IDEA #3 — Diagonals!
Instead of students raising 
their hands if they are seated 
beside (left-right-front-back) 
exactly two like-minded 
students, the teacher asks if 
they are seated diagonally 
next to exactly two like-minded 
students. Here is an example 
of a 5x5 classroom where all 
students raise their hands:

Hypothesis: All solutions 
have liars in the corners.

Hypothesis: Switch 
liars and truth-tellers 
in a classroom that 
solves the original 
puzzle to find a 
solution to this puzzle.

Here are 
two solutions 
for a 4x4 
classroom: 
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The Macbeth witches are stirring up trouble.

Plop consecutive frogs into a cauldron starting 
at frog#1, then frog#2, etc. An explosion 
happens if two frogs in a cauldron add to a 
new frog plopped in.

It is time to add frog#7 to one of the cauldrons 
below. Which do you choose?

It is a trick question because an explosion 
occurs either way: 2+5=7 in the left cauldron 
and 3+4=7 in the right cauldron.

Start again with frog#1. How many 
consecutive frogs can you add to the 
cauldrons without triggering an explosion?

SPOILER ALERT! 

Bubbling Cauldrons

1 32 45 6
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With a class of young kids, do not start by introducing 
the rules. Instead, first aim to get emotional engagement. 
Get as many children as possible to contribute something 
to the unfolding puzzle.

TEACHER: Anna, into which cauldron do you want 
to drop frog#1?
ANNA: “The orange one.”
TEACHER: “Alonzo,into  which cauldron do you want 
to drop frog#2?”
ALONZO: “The left one again.”

The kids still do not understand what is going on. 
That’s okay. Kids are used to learning in this way. 
Keep going until...

BEATRICE: “Drop frog #7 into the right cauldron.”
TEACHER: “Ka-boom! It exploded! You’ve been
gooped, Beatrice! Why? Because two numbers 
already in the cauldron add to 7...
BEATRICE: “3+4=7”

What child would not like to be gooped? Being “gooped” 
really means “failure,” but by being playful with the word 
you remove the stigma of failure from the classroom.

TEACHER: “Could you have avoided being gooped
by choosing the other cauldron?”
BEATRICE: Yes…no… 2+5 = 7”
TEACHER: “That’s right, no matter what you did you 
would end up being gooped! LOL!

Educator Skona Brittain withholds the rules for even 
longer than me. She lets the students discover 
them by repeated explosions. I must try this!

Issai Schur was a Russian mathematician who studied at the 
University of Berlin under Ferdinand Frobenius (whose coin problem 
could easily have been added to this collection).  As a secular Jew in 
Nazi Germany, Issai was stripped of all academic titles; he escaped 
to Palestine in 1939, only to die in poverty.

Bubbling Cauldrons is inspired by his work.
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I love doing this activity around Halloween — in fact, I 
bought small plastic cauldrons just to use for it. I've done 
it successfully with a wide range of kids—from 1st grade 
to 8th grade. The basic puzzle involves arithmetic practice 
as well as logical thinking. And the extensions to other 
sequences reveal interesting number-theoretic properties. 
As with virtually all of Gord's puzzles, this one allows for kids 
to create their own versions by modifying the sequences.

Skona Brittain became an entrepreneur with 
her whimsical mathematical clocks. She 
jumped into home schooling with her 
children Shelly and Sandy, and now 
runs an eccentric math circle, the 
Santa Barbara Math Ellipse.
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This Infinite Puzzle that keeps on giving was first explored in 1916 
by mathematician Issai Schur. When a pair of students have 
found a way to get eight frogs in the two cauldrons (that’s as 
good as they can get; nine frogs is impossible), just give them  
one of the following:

•	 Starting with 1, get as many ODD frogs as possible into two 
cauldrons. 

•	 Get as many EVEN frogs as possible into two cauldrons.  
As always, you must start with the smallest even number and 
work your way up… 2, 4, 6, 8, 10, 12, 14, 16, etc. The best you can 
do is 16. (Is it coincidence that 16 is double the 8 frogs found in 
the original puzzle?)

•	 Get as many frogs as possible into three cauldrons. The best 
possible answer is below. I have not yet had a grade-two student 
find this during class.

•	 A magical golden cauldron exists. Throw as few frogs as 
possible into it. Numbers in the gold cauldron do not explode. 
Start with two iron cauldrons and a gold cauldron. Numbers 
with the same remainder when divided by five must go 
into the same cauldron. This extension and the next one 
are for older students. They are from the Julia Robinson 
Mathematics Festival.

•	 Using all iron cauldrons, choose squares, cubes or numbers 
from the Fibonacci sequence. Again the objective is to try to 
get as many of these into a certain number of cauldrons.

•	 Using just two iron cauldrons, how high can you get if a 
cauldron explodes only when three frogs in the cauldron sum 
to the frog being dropped in?

•	 What if a cauldron explodes only if exactly one pair of frogs 
sums to the frog being dropped in? If two pairs of frogs both 
sum to the frog being dropped in, nothing happens.

11 17

1 12
2 13

9

4 14

10

8 15

16 1822 20 19

3
5 6

7

21 23
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A lonely banyan tree pushes its roots into the ground year 
after year. Here are snap-shots after ten, twenty and thirty years. 

How do the roots grow? There are simple rules to discover. 
What is the next number to grow under the root 
30-20-14-10-6-4-3-2-1?

SPOILER ALERT!

 Banyan Tree

2

1

3

4 5

6 87

109

2

1

3

4 5

6 8

1311

18

7

15

19

16

20

12 14

17

109
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In the classroom these roots should 
be revealed one integer at a time, 
asking kids to:

• predict where the next integer 
might appear.

• make observations.
• hypothesize about the rules.
• kill hypotheses that don’t fit the 

observations.

This is the scientific method. 
Ironically, the scientific method is 
best first taught not in science class 
by sending kids out into nature to 
get their hands dirty, but in math 
class with mini-mathematical 
universes like these banyan trees. 
Why? Because the rules of our real 
universe are complex and difficult 
to discover, whereas the rules of 
mini-mathematical universes are 
designed to be discovered.

In class there should be as many 
wrong hypotheses as right 
hypotheses. That is the best indicator 
that children are feeling open 
enough to talk about their ideas. 
If you are not getting enough wrong 
hypotheses, specifically ask for 
some. “What’s a hypothesis 
that we know is wrong?”
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Here are the same roots at age 60. Some observations:
•	 Going down each root, the integers get bigger.
•	 Each integer 1-60 appears exactly once.
•	 Some roots look like they are only going to have even numbers.
•	 The left bit (6-9-12-21-33-39) is forgetfully skip counting by threes.
•	 The numbers spread out horizontally as the roots age.  

The 9 and 10 used to be close together.
•	 Some roots like 13 and 24 look  

like they have stoped growing.

Here are some rules that describe  
the lonely banyan tree’s growth after 2:
•	 An integer grows on a root where it  

is the sum of two different numbers. 
Example: The 14 grows on the root  
10-6-4-3-2-1 because 14=10+4.

•	 If there is a choice, it grows on the 
smallest possible number.  

Example: The 14 does not grow on the 
root 11-7-4-3-2-1 because it prefers to 
grow under the smaller number 10.

•	 Growth under a number increases left to 
right. Example: under 31 there is 35-45-48.

•	 Numbers are midway between numbers 
underneath them.  

Example: 14 is neither far left over the 17 
nor is it far right over 24. It is central.

•	 The lowest numbers on the roots are 
equally spaced left to right: 39-47-49-53-
51-60-56-57-55-58-44-52-59-48-50-24-
54-38-42-36-43-29-13.

•	 Roots with the same number of numbers 
go to the same depth.
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The lonely banyan tree has chaotic roots. 
Other banyan trees have rules that lead to 
repetitive patterns. 

Can you figure out the rules for this  
close cousin of the lonely banyan tree?

The rules are identical to the lonely 
 banyan tree except for the first rule. 
Instead of summing exactly two different 
integers, sum two or more integers.  
Example: The 15 grows on the root  
7-4-3-2-1 because 15=7+4+3+1.

Enough of these solitary trees standing 
alone! It’s now time for us to explore the 
Infinite Forest!
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Here are the roots of two sixty-year-old 
trees in the Infinite Forest. All roots in the 
Infinite Forest grow according to the same 
rules. Can you figure out what they are?

SPOILER ALERT!

Here are the most critical rules in the  
Infinite Forest:

•	 All roots start with 1.
•	 Each year, the next integer grows 

on a root where it is the sum of two 
numbers, but unlike our previous 
trees, these integers can be the same. 
Example: 32 grows on the root  
16-8-4-2-1 because 32=16+16.

•	 Each growth must be on a root that 
is as short as possible. Example: In 
the lower tree, 17 grows on a length-5 
root: 16-8-4-2-1 (17=16+1) rather than a 
length-6 root: 15-10-5-3-2-1 (17=15+2). 
Often there is a choice of many equally 
short roots. It is because of this choice 
that there are an infinite number of 
trees in the Infinite Forest.
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Trees in the Infinite Forest fear their roots 
going too deep. For some numbers there 
is no choice. The number 6 is always at the 
same root-depth. It is either on the 4-depth 
root 6-3-2-1 (6=3+3) as above or the 4-depth 
root 6-4-2-1 (6=4+2) as on the left.

What is the smallest number that can  
be at two different root depths?

SPOILER ALERT!
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The smallest number that can be at two 
different root depths is 15. It can be part 
of a 6-depth root like 15-9-6-3-2-1 or part 
of a 7-depth root like 15-11-10-6-4-2-1.

I don’t know the lowest number that can 
be at three or four different depths.

A competition between two infinitely old trees is decided 
by looking for the smallest positive integer that is deeper 
on one tree than the other. The loser is the tree that has 
the deeper one. There is one infinitely old tree 
that never loses a competition. It exists, but 
its branching roots remain a mystery.
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564941

48

39595758

19

534755

35 60 42 46 38 45 5431

This puzzle has the bottom number of each root given as 
a hint. Do all such puzzles in the infinite forest have a unique 
tree as the solution? Are trees of infinite age possible to 
solve? I don’t know the answer to either question.

The solution to this puzzle is on the next page. 
SPOILER ALERT!
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I’m Gordon Hamilton. I’m the father of two teenagers, but 
professionally best known as the inventor of board games 
like Santorini and as the director of MathPickle.com

Eighteen years ago my son was just about to be born 
and I thought I would see what education had in store for him. 
I volunteered as the token mathematician at a math fair in 
a local school in Calgary, Canada.

I wandered around the exhibits solving puzzles and enjoying 
the students. Then it happened. A grade-five girl explained 
her puzzle. It was well known, but it was new to me. I tried to 
solve it this way. I tried to solve it that way. She knew I was 
the mathematician. The more I struggled, the broader her evil 
little grin became.

I didn’t solve the puzzle till I got home that evening, but on 
leaving the school I realized that my failing was the most 
wonderful gift I could have given that girl.

MathPickle and this book are a direct result of that encounter.

The 14 Infinite Pickles in this book are designed to engage 
a wide spectrum of students. They are all original. I’m really 
proud of them. 

Hi!
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• If I have to choose between a grade 
6 child who can recite their timetables 
quickly and a child who can think sharply 
enough to beat me in a board game, I’ll 
choose the child who can think. Hopefully 
I don’t have to choose.

• Give the gift of failure.

• It is in the repeated daily exposure to 
failure that students lose the stigma of 
failure and are able to fully engage. 

• Parents often request that gifted 
students be accelerated through the 
curriculum. These students hop, skip 
and jump from success to boring 
success until they hit university—then 
splat! Failure needs to be built into the 
classroom experiences of all children—
especially gifted children—starting in 
kindergarten.

• Physical Education and Math are the 
only two subjects that give a crisp 
feedback loop for the educator. Students 
either dunk the basketball or miss. The 
answer is either right or wrong. This crisp 
feedback makes a perfect medium to 
teach students how to move and think.

• Some educators emphasize “real-world” 
problems too much. “Real-world” is 
irrelevant. The only relevant question 
when determining if a curricular problem 
is good: Does it engage the full 
spectrum of student ability?

• Don’t Interrupt! Math class is ending in 
5 minutes. 85% of students are engaged. 
Is it time for reflection? Probably not.

• In the same way as we don’t have a 
class called “vocabulary,” we should not 
have a class called “mathematics.”

• Rename elementary mathematics 
classes “problem solving” classes. 
These classes would use mathematics 
to solve interesting puzzles.

• If a student doesn’t show their work, 
stop complaining and give them a 
tougher problem.

• Ask an impossible problem every day. 
If your students can’t trust you to give 
them nice, respectable problems, math 
class becomes unpredictably delicious.

• Don’t wrap-up math in nice, neat 
packages. End with a question. 
“I wonder if we can make a Venn 
diagram with four circles?”

• Your number one objective in creating 
a lesson is not to make it SIMPLE but to 
make it ENGAGING.

• The scientific method should first be 
taught in the mathematics classroom. 
Students should guess the rules of a Mini 
Mathematical Universe that was created 
to reveal its secrets. The real world’s laws 
are too complex.

Bites from 
the Apple 

• Teaching is an experimental science.

• Arithmetic is overemphasized. Speed is 
over-emphasized. Slow, tough problem 
solving is where we need to spend the 
bulk of classroom time. 

• Mathematics must be hard! The 
primary purpose of mathematics 
education is to teach students to think. 
If someone says they’ll make math 
“easy”, run away—they’re missing the 
whole point. 

• Why we teach mathematics? 
#1 reason: We teach mathematics 
because of what remains when the 
mathematics is forgotten. 

• Try teaching rigorous thinking 
with a backdrop of religion, politics, 
literature or even science. It doesn't work. 
Choose math. 
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• Rules are boring. Do not start 
an elementary school puzzle by 
explaining the rules. That will bore 
20% of the students. Instead, start 
with an emotional experience…
Get the class to try to solve the 
puzzle without knowing the rules. 
Of course they fail. Laugh together! 
How tongue-in-cheek “nasty” of 
you!  After they fail, tell them one 
rule—or let them guess at the rule 
that made them fail. 

• Pairing off students to solve problems 
together is worth experimenting 
with. Many children find social math 
engaging.

• Beauty over truth. There is no 
excuse for ugly mathematics in 
elementary school. It should look 
beautiful. Too often we celebrate 
worksheets that are all true and 
boring and ugly. 

• The puzzles in this book are not 
intended for the elite few. Problem 
solving is at the heart of a quality 
mathematics education for everyone. 

• #1 job of parents: Beat their child 
in a board game every week. That’s 
how parents best complement the 
problem solving classroom.

ULAM numbers
The page numbers in this book are Ulam 
numbers. Read about them on page 6.
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A puzzle collection of infinite delight!

David Martin President of the Math Council 

Alberta Teachers Association

The Infinite Pickle does what Martin 

Gardner did, but widening the door

to include much younger learners.

Scott Kim Puzzle Master

The Infinite Pickle should be 

in every math teacher’s back pocket.

Stephanie Englehaupt Elementary School Teacher

This book was written 
and illustrated by humans.


